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SUM OF ELEMENT ORDERS OF A FINITE GROUP”

MIHAI-SILVIU LAZOREC® — MARIUS TARNAUCEANU

(Communicated by Anatolij Dvurecenskij)

ABSTRACT. Let G be a group of order n and H be a subgroup of order m of G. Denote by g (G) the
sum of element orders relative to H of G. It is known that if G is nilpotent, then ¢ g (G) < ¢g,, (Cn),
where H,, is the unique subgroup of order m of C,,. In this note, we show that this inequality does
not hold for infinitely many finite solvable groups.
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1. Introduction

Let G be a finite group and H be a subgroup of G. We denote by og(x) the order of an element
x € G relative to H, i.e. the smallest positive integer m such that ™ € H. Also, C,, denotes the
cyclic group with n elements, where n is a positive integer.

The main objective of [9] was to study the quantity

Yu(G) = on(x),
zeG
which is a generalization of the sum of element orders of G, that is
W(G) =) olw),
zeG

where o(z) denotes the usual order of an element € G. The second quantity appeared in [1]
and was further studied in several papers such as [2H4l/8]. The main result of |1] states that the
maximum value of the sum of element orders among all finite groups of order n is ¥(C,,). In other
words, we have:

THEOREM 1.1. Let G be a group of order n. Then ¢(G) < ¢(C,) and the equality holds if and
only if G = C,,.

Up to the class of finite nilpotent groups, in [9], it was proved that a similar property occurs if
one works with element orders relative to a subgroup. More exactly, the following result holds:
THEOREM 1.2. Let G be a nilpotent group of order n and H be a subgroup of order m of G. Then

Y (G) < Ym, (Cn), (1)
where Hy, is the unique subgroup of order m of C,.
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Moreover, the author conjectured that Theorem [1.2]is valid for any finite group. However, in
this paper we show that this statement is false by outlining a way to construct a finite group G
such that inequality is not satisfied for at least one subgroup H of G. For the ease of writing,
we introduce the following ratio

Yu(G)
U (G) =

a wC\H\ (CIGI) .
Using this notation, our main result may be stated as follows:

THEOREM 1.3. There are infinitely many finite groups G having a subgroup H such that ¥y (G) >
1. In particular, all these groups are solvable and they have solvable length 2.

A proof of Theorem along with other several properties related to this generalization of the
sum of element orders of a finite group are highlighted in the following section.

2. Proof of the main result and new properties of ¥y (G)

As a starting point, we outline a preliminary result which puts together several known facts
concerning the sum of element orders of a finite group G and its generalization. For an element
x € G\ H, we outline an upper bound for oy (z). As a consequence, we also determine a new
upper bound for ¥y (G).

LEMMA 2.1. Let G be a group of order n = pi" p5® ...pp*, where py < ps < --- < py are primes
and «; 1s a positive integer, for all i € {1,2,... k}, H be a subgroup of G of index q, K be a

normal subgroup of G, and (Gi)izfs be a family of finite groups of pairwise coprime orders. Then:

i) ¥(Cp) = ﬁ p?:i%; (see [4: Lemma 2.9 (1)])
i=1

ii) (Cy) > P5n?; (see [4: Lemma 2.9 (2)])

— Prt

i) ¥c(G) = |K[(L); (see [ p. 628))
V) Vi, xHox..xi.(G1 X Ga X ... x Gg) = ﬁ Y, (Gi), where H; is a subgroup of G;, for all
i=1

1=

1€{1,2,...,s}; (see |9 Lemma 2.1 a)])
v) op(z) < q for allx € G\ H;
vi) Y (@) < [H|(¢* — g +1).

Proof. For item v), we have

(=) |H({z)| _ |G|
= <-——=¢q forallz € G\ H.
(z)nH|  [H| — |H|
The above inequality is further used to prove the result given by item vi). More exactly, one can
write

o () =

bu(G) = |H|+ Y ou(w) <|H|+q(IG| - |H|) = |H|(¢> — q +1). O
z€G\H

Before proving our main result, we recall that a subgroup H of a finite group G is isolated in
G if, for every element x € G, we have either x € H or {(x) N H = 1. For more details about these
subgroups, we refer the reader to [5]. Also, in [10], the isolatedness property was characterized as
follows: H is isolated in G if and only if ¢y (G) = |H| + ¢¥(G) — ¢ (H).
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Proof of Theorem|[L3l Let p be a prime and r > 3 be an integer. By following Example 7 of
[7], starting with the field F, with ¢ = p” elements, we can construct a Frobenius group G =KxH,
whose kernel K is isomorphic to the additive group of Fy, while H is isomorphic to the multiplicative
group of Fy. Hence, K= C, and H = Cpr—1. Moreover, since H is isolated in G and its conjugates
trivially intersect, we obtain

Up(G) = [H|+¢(G) —¢(H) = (" = 1)(¥(H) +p) = (p" = 1) (Cpr—1) + p).
Further, suppose that p = 2 and r is chosen such that 2" — 1 is a prime (i.e., 2" — 1 is a Mersenne
prime). Using Lemma i), iii), we get
W (@) = vap(G) (27 -1)@(Cro)+2)  3-27-9-27415
H Yem (Crg) (27 = 1)p(Car) 22+ +1
Consequently, if » > 3 is chosen such that 2" — 1 is a Mersenne prime, the Frobenius group G is an
example of a finite group for which inequality does not hold. Finally, to obtain infinitely many

such examples, take G = G x Cy, where ¢ is any odd prime such that ¢ 12" —1. Then, H = H x Cy
is a subgroup of G. By Lemma Lemma iv), we deduce that

Ui (G) = ¥(G)ie, (Cg) = ¢(G) > 1,
and this concludes the proof. O

> 1.

3-227_9.27415

Using the notation from our previous proof, note that w’ﬁ(é) = S

is an increasing

— 3
function with respect to r and lim @[J'ﬁ(G) = —. Hence, the smallest of our examples of finite
T—>00

groups for which inequality does not hold is obtained for p = 2 and r = 3. In this case, we
have G = C3 x C7 (SmallGroup(56,11)) and ¢ (G) = 13. Also, note that all the groups that were
outlined in our previous proof are solvable so, in general, Theorem 1.2 does not hold for this class
of finite groups.

An unsolved problem in group theory is the following one: Given a group G of order n, does
there necessarily exist a bijection f from G onto C,, such that for each element x € G, we have
o(z)|o(f(x))? (see Problem 18.1 posed by I. M. Isaacs in [6]). The answer is positive if G is a solvable
group. We can formulate a similar question concerning element orders relative to subgroups: Let
G be a group of order n, H be a subgroup of order m of G and H,, be the unique subgroup of order
m of C,. Does there necessarily ezist a bijection f from G onto C, such that for each element
z € G, we have og(x)|om,, (f(x))? As a consequence of the proof of Theorem 1.3, we can state
that the answer is negative even for solvable groups.

In [9], it was proved that inequality holds whenever H is a normal subgroup of a finite group
G. In this paper, we show that this property also occurs for any subgroup H of G of prime index.

PROPOSITION 2.2. Let G be a group of order n = mq and H be a subgroup of G of prime index
q. Then vy (G) < g, (Ch), where Hy, is the unique subgroup of order m of Cy,.

Proof. By Lemma[2.1]i), iii), we have
Vi, (Cr) = [Hu|1h(Cy) = m(q® — g +1).
Then, the result easily follows by vi). |

Finally, we obtain some upper bounds for ¢;(G) in terms of the prime divisors of the index of
H in G.

PROPOSITION 2.3. Let G be a finite group and H be a subgroup of G of index q = pi'ps> ... pp*,
where py < pa < ... < pi are primes and «; is a positive integer, for alli € {1,2,...,k}. Then,
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k
i) Wi (G) < T1 B2 < (D)

=1

il) ¥ (GQ) < p’;fl; in particular, if k =1, then ¢ (G) < pitl < %

P —

Proof. By Lemma [2.1]iii), vi), we get

/ _ Y (G) C]2 —q+1
VG = e ey = Ty

Consequently, for item i), we apply Lemma i) to obtain

k

k k k
pi+1 P —q+lyrpi+1 pit1 3
Vi (G) < (¢* —q+1 = < < <(z),
1(G) < ( N . 1] - [[ =13

while, for item ii), we use Lemma ii) to get

¢ —q+1 pp+1 <pk+1
g’ p po

Y (G) < O

In what concerns the last result and its proof, note that it is not always true that f(q) =
a’—q+1

by < % For instance, if we take ¢ = 2% - 3, where a > 1 is an integer, we have
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